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We revisit nonsingular cosmologies in which the limiting curvature hypothesis is realized. We
study the cosmological perturbations of the theory and determine the general criteria for stability.
For the simplest model, we find generic Ostrogradski instabilities unless the action contains the
Weyl tensor squared with the appropriate coefficient. When considering two specific nonsingular
cosmological scenarios (one inflationary and one genesis model), we find ghost and gradient instabil-
ities throughout most of the cosmic evolution. Furthermore, we show that the theory is equivalent
to a theory of gravity where the action is a general function of the Ricci and Gauss-Bonnet scalars,
and this type of theory is known to suffer from instabilities in anisotropic backgrounds. This leads
us to construct a new type of curvature-invariant scalar function. We show that it does not have
Ostrogradski instabilities, and it avoids ghost and gradient instabilities for most of the interesting
background inflationary and genesis trajectories. We further show that it does not possess addi-
tional new degrees of freedom in an anisotropic spacetime. This opens the door for studying stable
alternative nonsingular very early Universe cosmologies.
PACS numbers: 98.80.Cq, 04.50.Kd, 98.80.-k, 04.20.Cv, 04.20.Jb
I. INTRODUCTION
One of the biggest problems with the classical theory of
general relativity is the occurrence of singularities, which
are inevitable under realistic assumptions [1–3] and which
signify the breakdown and the incompleteness of the the-
ory. The big bang singularity in cosmology and the sin-
gularity at the center of a black hole are two well-known
instances of singularities in general relativity that one
would like to resolve. These singularities often find them-
selves in regions of high density, high energy, and high
curvature, where one may expect the breakdown of the
classical theory and the emergence of quantum behav-
ior. For this reason, there is hope that a quantum theory
of gravity would provide the resolution to the otherwise
pathological classical singularities.
Without a proper theory of quantum gravity, one may
approach the problem with an effective theory that could
mimic the low-energy behavior of the full quantum the-
ory. The effective theory could be constructed with one
or more new degrees of freedom, e.g. a new scalar field.
This allows one to study nonsingular theories of the very
early Universe within effective field theory (EFT) [4–6] as
is done in, for instance, bouncing cosmologies [7–10] or
genesis scenarios [11–16] with a generalized scalar field
such as in Horndeski [17] and generalized Galileon [18]
theories, whose equivalence was first proved in [19]. Al-
ternatively, one may attempt to modify the Einstein-
Hilbert gravity action to include higher-order curvature
terms (e.g., [20–22]). Interestingly, this can serve as the
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basis for implementing the limiting curvature hypothe-
sis, which seeks to incorporate the idea of a fundamental
limiting length (that would be realized in the full theory
of quantum gravity) into the effective theory for gravity.
In line with special relativity where the speed of light is
bounded from above and quantum mechanics where the
Heisenberg uncertainty relation holds, the idea of the lim-
iting curvature hypothesis comes from the fact that one
may expect quantum gravity to possess a fundamental
length scale `f below which no measurement can be made
and on which all physical observables must be smeared
out. Presumably, this fundamental scale is at least of the
order of the Planck length `Pl =
√
~G/c3, although it
could be larger. Taking `f ∼ `Pl, it is straightforward to
see that if all curvature invariants are bounded through-
out the spacetime manifold (|R| < `−2Pl , |RµνRµν | < `−4Pl ,
|∇ρRµν∇ρRµν | < `−6Pl , |CµνρσCµνρσ| < `−8Pl , etc., where
Rµν is the Ricci tensor, R is the Ricci scalar, Cµνρσ is
the Weyl tensor, and ∇ is the covariant derivative), then
the spacetime is nonsingular. Indeed, in the well-known
cases of the big bang and black hole singularities, some of
the physically measurable curvature invariants such as R,
RµνR
µν , and C2 := CµνρσC
µνρσ blow up; hence finding
theories in which all invariants are bounded is certainly
a necessary condition for constructing nonsingular cos-
mologies.
Unfortunately, bounding an infinite number of cur-
vature invariants is rather nontrivial. Indeed, there
are well-known instances where low-order curvature
invariants are bounded while higher-order invariants
are still unbounded (e.g., |RµνRµν | < `−4Pl while|∇ρRµν∇ρRµν | → ∞). This is where the limiting curva-
ture hypothesis comes in handy. The hypothesis states
that [23–27] if one finds a theory that allows a finite
number of curvature invariants to be bounded by an ex-
plicit construction (e.g., |R| ≤ `−2Pl and |RµνRµν | ≤ `−4Pl ),
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2and when these invariants take on their limiting values,
then any solution of the field equations reduces to a defi-
nite nonsingular solution (e.g., de Sitter space), for which
all curvature invariants are automatically bounded. We
note, though, that the assumptions of the limiting cur-
vature hypothesis generally do not ensure that solutions
avoid singularities when curvature scalars are not on their
limiting values.
The limiting curvature hypothesis has been used and
tested in the context of black hole physics [26–35]. In
this context, the geometry outside the black hole hori-
zon is described by the usual Schwarzschild metric, but
inside the event horizon, the black hole singularity is re-
placed with a nonsingular de Sitter spacetime, which, in
turn, could be the source of a new “baby” Friedmann uni-
verse. Similarly, in a cosmological context [30, 31, 36–39],
a nonsingular universe can be constructed, in vacuum,
such that it is asymptotically de Sitter in the past and
Minkowski in the future (or vice versa). This is in line
with Penrose’s vanishing Weyl tensor conjecture [40] (see
also the discussion in Ref. [41]), which states that the
Weyl tensor should vanish at the beginning of the uni-
verse, since de Sitter space has CµνρσC
µνρσ = 0. With
the addition of matter sources, one can obtain asymptot-
ically de Sitter and Friedmann cosmologies, remaining
nonsingular throughout cosmic time. Recent works also
show that the ideas of limiting curvature could allow one
to construct nonsingular bouncing cosmologies [42–44].
In this paper, we want to revisit nonsingular cosmo-
logical models that make use of an effective theory for
gravity in which the limit curvature hypothesis is re-
alized. It was shown in Refs. [36, 37] that interesting
background cosmologies can be found within this frame-
work by constructing a theory in which the curvature
invariants R and 4RµνR
µν − R2 are bounded. However,
these studies did not explore the cosmological perturba-
tions [45] for the action containing the above curvature
invariants. Recent developments in nonsingular cosmol-
ogy within EFT [4–6] have shown that it is often rather
difficult to avoid instabilities in the cosmological pertur-
bations (e.g., see Refs. [46–48] for no-go theorems within
Galileon and Horndeski theories; see, also, Refs. [49–51]).
For this reason, one could tend to believe that nonsingu-
lar models constructed as in Refs. [36, 37] are going to
be very unstable at the perturbation level, thus rendering
the models unviable.
In this work, we will show that the naive models of
Refs. [36, 37] are indeed generically unstable. We will
see that minimal extensions in which one also includes
the Weyl tensor squared, CµνρσC
µνρσ, in the curvature
invariants are more robust, i.e. there are fairly large re-
gions of parameter space that are stable. Yet, there do
not seem to exist nonsingular cosmological solutions that
remain stable throughout cosmic history, and moreover,
the theory will be shown to be equivalent to a f(R,G)
theory of gravity (where G is the Gauss-Bonnet term),
which has unavoidable ghosts [52]. We will then con-
struct a completely new curvature-invariant function and
show that it allows for stable nonsingular cosmological
solutions throughout time. There will remain some diffi-
culties though in constructing a physically relevant model
in certain cases.
The outline of this paper is as follows. In Sec. II, we
will review the construction of a nonsingular cosmology
in which the limiting curvature hypothesis is realized,
set up the action for the theory, and find the background
equations of motion. In particular, we will discuss two
specific scenarios: an inflationary scenario and a genesis
scenario. We will then study the cosmological pertur-
bations, determine the general stability conditions and
check them for specific models. The equivalence with
f(R,G) gravity will also be demonstrated. In Sec. III,
we will construct a new model with a new curvature
scalar, derive the resulting cosmological perturbations
and the stability conditions, and comment on the case
of an anisotropic background. We will then discuss the
recovery of vacuum Einstein gravity and Friedmann cos-
mology with the addition of matter sources. We will end
with a summary of the results and a discussion in Sec. IV.
II. NONSINGULAR COSMOLOGY WITH
LIMITING CURVATURE
A. Setup of the theory and background evolution
The approach taken in Refs. [36, 37] to implement the
limiting curvature hypothesis consists of introducing a fi-
nite number of nondynamical scalar fields χi, or Lagrange
multipliers, such that the action takes the form
S =
M2Pl
2
∫
d4x
√−g
[
R+
∑
i
χiIi − V (χi)
]
, (1)
where the Ii’s are functions of curvature invariants that
can depend on R, Rµν , R
µ
νρσ, Cµνρσ and combinations
and derivatives thereof. Accordingly, given an appropri-
ately chosen potential V (χi), one can rewrite this action
into a general F (R,RµνR
µν , ...) effective theory of grav-
ity. By virtue of the Lagrange multipliers, a given po-
tential imposes constraints on the Ii’s, hence the idea
that the right choice of V (χi) can naturally bound the
curvature invariants and satisfy the limiting curvature
hypothesis asymptotically. We will give examples where
this is realized below.
As is done in Refs. [36, 37], we are going to consider
two nondynamical scalar fields and start with a general
action of the form
S =
M2Pl
2
∫
d4x
√−g
[
R+ χ1I1(∇, Rµνρσ)− V1(χ1)
+ χ2I2(∇, Rµνρσ)− V2(χ2)
]
+ Sm , (2)
where Sm is the action for possible matter sources. At
this point, we do not make any assumption on the func-
tional form of I1 and I2, but we want them to scale as
3R, so let us require that we recover a certain limit at the
background level:
I
(0)
1 = 12H
2 , I
(0)
2 = −6H˙ . (3)
The superscript (0) refers to the metric of a flat1
Friedmann-Lemaˆıtre-Robertson-Walker (FLRW) uni-
verse,
g(0)µν dx
µdxν = −N(t)2dt2 + a(t)2δijdxidxj , (4)
where N is the lapse function and a is the scale fac-
tor. Accordingly, H := a˙/(Na) is the Hubble param-
eter, and a dot is a derivative with respect to physical
time, t. At the background level, we can further ask that
χ1 = χ
(0)
1 (t) and χ2 = χ
(0)
2 (t). The original action then
becomes2
S(0) =
M2Pl
2
∫
dtd3~x Na3
[
12 (1 + χ1)
(
a˙
Na
)2
+ 6 (1− χ2) 1
N
d
dt
(
a˙
Na
)
− V1 − V2
]
+ S(0)m .
(5)
Varying S(0) with respect to χ1 and χ2 yields the equa-
tions of motion (EOMs)
12
(
a˙
a
)2
=
dV1
dχ1
(6)
and
− 6
[
a¨
a
−
(
a˙
a
)2]
=
dV2
dχ2
, (7)
respectively, where we set the lapse function to N = 1.
Letting Tµν = diag(−ε(t), p(t)δij), where Tµν is the
stress-energy tensor associated with the matter action Sm
and where ε is the energy density and p is the pressure,
one can then vary the background action with respect to
N to find
ε
3M2Pl
= (1− 2χ1 − 3χ2)
(
a˙
a
)2
− χ˙2
(
a˙
a
)
− 1
6
(V1 + V2) ,
(8)
again setting N = 1. Finally, varying with respect to a
gives (setting N = 1 once more)
− p
M2Pl
= (1− 2χ1 − 3χ2)
[
2
(
a¨
a
)
+
(
a˙
a
)2]
− 2(2χ˙1 + 3χ˙2)
(
a˙
a
)
− χ¨2 − 1
2
(V1 + V2) . (9)
1 It is straightforward to generalize this to include curvature (see
Ref. [37]).
2 We omit the superscript (0) for χ1 and χ2 when it is clear that
they represent background quantities.
Let us denote V ′1 := dV1/dχ1 and V
′
2 := dV2/dχ2 for
shorthand notation from here on. We can then summa-
rize the set of EOMs as
12H2 = V ′1(χ1) , (10)
−6H˙ = V ′2(χ2) , (11)
ε
3M2Pl
= (1− 2χ1 − 3χ2)H2 − χ˙2H
− 1
6
[V1(χ1) + V2(χ2)] , (12)
− p
M2Pl
= (1− 2χ1 − 3χ2)[2H˙ + 3H2]− 2(2χ˙1 + 3χ˙2)H
− χ¨2 − 1
2
[V1(χ1) + V2(χ2)] . (13)
In the limit where χ1 = χ2 = V1 = V2 = 0, we note that
we recover the usual Friedmann equations, as expected.
Also, in the limit where ε = p = 0, one obtains the EOMs
in vacuum. Demanding that V ′1(χ1) > 0 for all χ1 values
so that H is real and looking at an expanding universe
(so H > 0; this could be generalized to a contracting
universe with H < 0, in which case a minus sign would
appear in certain equations), we can write the EOMs as
a˙ = a
√
V ′1
12
, (14)
χ˙1 = −4
√
V ′1
12
V ′2
V ′′1
, (15)
χ˙2 = −
√
V ′1
12
[
3χ2 + 2χ1 − 1 + 2(V1 + V2)
V ′1
+
4ε
V ′1M
2
Pl
]
.
(16)
Furthermore, the equations can be written in the follow-
ing form:
dχ2
dχ1
=
V ′′1
4V ′2
[
3χ2 + 2χ1 − 1 + 2(V1 + V2)
V ′1
+
4ε
V ′1M
2
Pl
]
,
(17)
dχ1
da
= −4
a
V ′2
V ′′1
, (18)
dχ2
da
= −1
a
[
3χ2 + 2χ1 − 1 + 2(V1 + V2)
V ′1
+
4ε
V ′1M
2
Pl
]
.
(19)
1. Example of inflationary scenario
To solve the background EOMs, one needs to specify
a form for the potentials V1(χ1) and V2(χ2). As a first
example, one can consider
V1(χ1) = 12H
2
max
χ21
1 + χ1
(
1− ln(1 + χ1)
1 + χ1
)
, (20)
V2(χ2) =− 12H2max
χ22
1 + χ22
, (21)
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FIG. 1. Background trajectories for the inflationary model given by the potentials (20) and (21). The left-hand plot shows
H2/H2max as a function of χ1 as computed from Eq. (22), and the right-hand plot shows H˙/H
2
max as a function of χ2 as
computed from Eq. (23). Note that χ1 and χ2 are dimensionless.
which is inspired from Ref. [37], and as we will see, this
gives rise to a nonsingular inflationary scenario. In vac-
uum (ε = p = 0), the EOMs are given by
H2
H2max
=
V ′1(χ1)
12H2max
=
2χ1 + 2χ
2
1 + χ
3
1 − 2χ1 ln(1 + χ1)
(1 + χ1)3
,
(22)
H˙
H2max
= −V
′
2(χ2)
6H2max
=
4χ2
(1 + χ22)
2
. (23)
We plot these functions in Fig. 1. As we can see in the
left-hand plot, the Hubble parameter is finite everywhere:
as χ1 → 0, the spacetime is asymptotically Minkowski
(H → 0; recall that we are in vacuum), whereas when
χ1 →∞, the spacetime is asymptotically de Sitter since
H → Hmax. Similarly, looking at the right-hand plot,
H˙ is finite everywhere, and it is asymptotically vanish-
ing as χ2 → ±∞. Accordingly, this verifies the limiting
curvature hypothesis as in Ref. [37].
We note at this point that since we regard our theory as
a low-energy effective theory of a possible quantum the-
ory of gravity, there should be a cutoff scale beyond which
the EFT is no longer valid. The model here includes only
two dimensionful parameters: MPl and Hmax. There-
fore, the cutoff scale should naively be given by these
parameters as Λcut = (MPlH
n
max)
1/(1+n) for a given in-
teger n 6= −1, and in particular, it should be at least of
the order of Hmax. Determining the exact value for Λcut
involves a rather nontrivial computation for the given
theory, but since the energy scale of our cosmological
solutions is always less than Hmax by construction, the
validity of EFT is naturally ensured.
The phase-space diagram for the model is plotted in
Fig. 2, where the arrows show the vectors with compo-
nents (χ˙1, χ˙2) computed from Eqs. (15) and (16) (in vac-
uum with ε = 0) with the potentials (20) and (21). We
highlight a specific trajectory in green for illustration. In
this case, the universe starts asymptotically at χ1 → ∞
and χ2 → 0 and ends asymptotically at χ1 → 0 and
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FIG. 2. Phase-space diagram of (χ1, χ2) computed using Eqs.
(15) and (16) showing different background inflationary tra-
jectories. The arrows indicate the flow of time. The green
curve illustrates a specific trajectory.
χ2 → 0, so as we saw from Fig. 1, the universe starts in a
de Sitter spacetime and ends in a Minkowski spacetime.3
At this point, one may wonder how the given scenario
evades the singularity theorems of [53–55] regarding the
past incompleteness of inflationary cosmology. First, it is
important to recall that the singularity theorem for infla-
tion [53, 54] is proved under the assumption that gravity
is given by the Einstein-Hilbert action and that inflation
is driven by matter obeying the null energy condition.
Our higher derivative gravity terms, when taken to the
3 With the addition of matter sources, it would end in a FLRW
spacetime as shown in Ref. [37].
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FIG. 3. Background trajectories for the genesis model given by the potentials (24) and (25). The left-hand plot shows H2/H2max
as a function of χ1 as computed from Eq. (26), and the right-hand plot shows H˙/H
2
max as a function of χ2 as computed from
Eq. (27).
matter side of the equations of motion, act as matter
violating the null energy condition. Hence the theorem
does not apply in our setup. We also note that some of
the past directed geodesics would have finite affine length
(in agreement with the situation in Ref. [55]), but this is
simply due to the fact that the flat FLRW chart does
not cover the entire de Sitter space. One can extend the
spacetime so that all geodesics are complete as in the
case of de Sitter space. Thus, our inflationary universe
is free from initial singularities.
2. Example of genesis scenario
As another example, let us consider
V1(χ1) = −12H2max
8
3 + χ21
, (24)
V2(χ2) = −12H2max
χ22
1 + χ22
. (25)
In vacuum, the EOMs become
H2
H2max
=
V ′1(χ1)
12H2max
=
16χ1
(3 + χ21)
2
, (26)
H˙
H2max
= −V
′
2(χ2)
6H2max
=
4χ2
(1 + χ22)
2
. (27)
We plot these functions in Fig. 3. As we can see in the
left- and right-hand plots, the Hubble parameter and its
time derivative are again everywhere finite: as χ1 → 0
or χ1 → ∞, the spacetime is asymptotically Minkowski
with H → 0, and H˙ → 0 as χ2 → ±∞. We note that
Hmax is now reached when χ1 → 1. Thus, this is an-
other type of scenario that verifies the limiting curvature
hypothesis, namely a genesis scenario, which starts in
Minkowski space rather than de Sitter space.
The phase-space diagram for this model is plotted in
Fig. 4, where again, the arrows show the vectors with
components (χ˙1, χ˙2) computed from Eqs. (15) and (16)
(in vacuum with ε = 0) with the genesis potentials (24)
and (25). We highlight different trajectories in green,
red, black, and purple for illustration. All of these curves
either start or end at χ1 → ∞, which corresponds to
Minkowski spacetime. However, the green and red curves
are pathological trajectories since they either end or start
at χ1 → 1, at which point it can be shown that V ′′1 → 0.
Accordingly, from Eq. (15), one finds χ˙1 → ±∞ at that
point. More interestingly, the black and purple curves
start and end at χ1 →∞, and they turn around at some
minimal χ1 > 1 value, so they never reach the “singu-
larity” at χ1 = 1. Also, these trajectories always have
χ2  1. When looking at the left-hand plot of Fig. 3,
these trajectories suggest that the universe starts in the
far right at χ1 → ∞ (Minkowski spacetime), rolls up to
the left but does not reach Hmax, and rolls back down
to Minkowski spacetime again. In light of a structure
formation scenario for the very early universe, one would
like to have some form of reheating4 near the maximal
value that the Hubble parameter reaches. Thus, the uni-
verse would start as Minkowski spacetime, but it would
end as a radiation- and then matter-dominated FLRW
spacetime.
B. Cosmological perturbations and stability
analysis
We now turn to the study of the cosmological pertur-
bations for the action given by Eq. (2). At this point,
one needs to specify the form of the curvature-invariant
functions I1 and I2. Motivated by Refs. [36, 37], let us
4 For instance, reheating could occur via gravitational particle pro-
duction [56, 57] (see Refs. [16, 58] for examples of gravitational
particle production in nonsingular cosmologies).
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FIG. 4. Phase-space diagram of (χ1, χ2) computed using Eqs. (15), (16), (24), and (25) showing different background genesis
trajectories. Note that the right-hand plot is simply a zoomed-in version of the left-hand plot. The green, red, black, and
purple curves show four different trajectories, which are discussed in the text.
take
I1 := R+
√
12RµνRµν − 3R2 + 3κCµνρσCµνρσ ,
I2 :=
√
12RµνRµν − 3R2 + 3κCµνρσCµνρσ , (28)
where at this point κ is just some real constant. In a flat
FLRW background, these curvature invariants reduce to
I
(0)
1 = 12H
2 , I
(0)
2 = −6H˙2 , (29)
under the assumption5 that H˙ < 0, which was the hy-
pothesis of Eq. (3) that allowed us to find the general
background EOMs in Sec. II A. We note that the back-
ground expressions for the curvature invariants do not
depend on the constant κ since flat FLRW spacetime is
conformally flat, so the term proportional to the Weyl
tensor squared does not affect the dynamics of back-
ground spacetime.
1. Tensor modes
Let us begin by studying the tensor fluctuations. We
start by perturbing the metric linearly as
g(1)µν dx
µdxν = −dt2 + a2
(
δij + hij +
1
2
hikh
k
j
)
dxidxj ,
(30)
5 We note that the requirement H˙ < 0 restricts our attention to
the regions of phase space in which χ2 < 0 for the examples given
in Secs. II A 1 and II A 2.
where the perturbation tensor hij is transverse and trace-
less, i.e. hii = ∂ih
i
j = 0 (adding the last term on the
right-hand side does not change the linear equations but
simplifies the derivation). We define the Fourier compo-
nents of hij by
hij =
∫
d3~k
(2pi)3
[
h+~k
e+ij(
~k) + h×~k e
×
ij(
~k)
]
ei
~k·~x , (31)
where {e+ij , e×ij} represents the polarization basis. Given
the curvature-invariant functions of Eq. (28), we can now
perturb Eq. (2) to second order with the above metric to
find
S
(2)
T =
M2Pl
2
∫
dt
d3~k
(2pi)3
∑
I=+,×
a3
(
GT h¨I~kh¨I−~k +KT h˙I~kh˙I−~k
−MT k
2
a2
hI~kh
I
−~k
)
, (32)
where
GT = −(2 + κ)χ1 + χ2
4H˙
, (33)
and the coefficients KT andMT will be specified shortly.
We pause here to note that, in general, since the second-
order action in the tensor sector has nondegenerate
higher-derivative terms (∝ h¨2), there appear to be ghost
degrees of freedom according to Ostrogradski’s theorem.
The only way to avoid those Ostrogradski ghosts would
be if GT were to vanish identically (GT ≡ 0). We see that
this is not possible for a generic real constant κ, but if
one sets κ = −2, then the model is safe with regards to
7Ostrogradski instabilities. The original models of Refs.
[36, 37] did not include CµνρσC
µνρσ in their curvature in-
variants at all, so they had κ = 0. Accordingly, the above
implies that these models are inherently unstable. Yet,
the addition of the Weyl tensor squared in the invariants
with a specific prefactor (κ = −2) avoids this conclusion
while having no effect on the background evolution. Still,
it does not mean that the theory is necessarily free of all
types of instabilities as we will see shortly.
The other coefficients of Eq. (32) are given by
KT = 1
2
(1 + χ1)−
(
1
2
+
H2
H˙
+
HH¨
H˙2
− H
H˙
d
dt
)
(χ1 + χ2) , (34)
MT = 1
2
(1 + χ1)−
(
1
2
+
H2
H˙
− 2H¨
2
H˙3
+
...
H
H˙2
+ 2
H¨
H˙2
d
dt
− 1
H˙
d2
dt2
)
(χ1 + χ2) . (35)
The criteria to avoid ghost and gradient instabilities are KT > 0 andMT > 0, respectively. By using the background
EOMs (see Eq. (14), which can be rewritten as H =
√
V ′1/12, Eq. (15), and Eq. (16) in the case for vacuum with
ε = 0), the conditions can be written solely in terms of the fields χ1, χ2 and their potentials V1(χ1), V2(χ2) as
F1 :=
V ′2
2
V ′′1
+
[
(χ1 + χ2)− 1
4
(χ1 + 1) +
1
2
V1 + V2
V ′1
]
(V ′2 − (χ1 + χ2)V ′′2 ) +
1
4
(χ1 + χ2)
2V ′′2 +
1
4
V ′2
2
V ′1
(1− χ2) > 0 ,
(36)
F2 := − 4 (V1 + V2)
2 (χ1 + χ2) (V
′′
2 )
2
V 32 V
′
1
− (χ1 + χ2) (2χ1 + 3χ2 − 1)
2V ′1 (V
′′
2 )
2
V 32
+
(2χ1 + 3χ2 − 1) (7χ1 + 9χ2 − 2)V ′1V ′′2
2V 22
+
2 (6χ1 + 7χ2 − 1)V ′1V ′′2
V2V ′′1
+
2V2
(3) (V1 + V2)
2 (χ1 + χ2)
V 22 V
′
1
− (5χ1 + 8χ2 − 3)V
′
1
2V2
+
V2
(3) (χ1 + χ2) (2χ1 + 3χ2 − 1) 2V ′1
2V 22
− 4 (V1 + V2)
[
2χ21 + (5χ2 − 1)χ1 + χ2 (3χ2 − 1)
]
(V ′′2 )
2
V 32
+
(V1 + V2) (11χ1 + 15χ2 − 4)V ′′2
V 22
+
2
[
2χ21 + (5χ2 − 1)χ1 + χ2 (3χ2 − 1)
]
V ′′2
V2
+
2V2
(3) (V1 + V2)
[
2χ21 + (5χ2 − 1)χ1 + χ2 (3χ2 − 1)
]
V 22
+
4 (V1 + V2)
2V ′′2
V 22 V
′
1
+
8V2V1
(3)V ′1
(V ′′1 ) 3
− 8V
′
1
V ′′1
+
4 (V1 + V2)V
′′
2
V2V ′′1
− 4V2
V ′′1
− 3 (V1 + V2)
V2
+
1
2
(−8χ1 − 13χ2 + 5) > 0 .
(37)
These conditions will be tested for the different models
of Secs. II A 1 and II A 2 shortly.
2. Vector modes
We shall consider vector fluctuations in the following
gauge, where
g(1)µν dx
µdxν = −dt2 + 2aβidtdxi + a2δijdxidxj . (38)
Here, the vector perturbations βi satisfy ∂iβ
i = 0. The
Fourier components of βi are then defined by
βi =
∫
d3~k
(2pi)3
∑
I=1,2
[
βI(~k)e
I
i (
~k)
]
ei
~k·~x , (39)
where {e1i , e2i } are orthogonal spatial vectors perpendicu-
lar to ~k. The second-order action for vector perturbations
becomes
S
(2)
V =
M2Pl
2
∫
dt
d3~k
(2pi)3
∑
I=1,2
a3
k2
a2
[
GV
(
β˙2I −
k2
a2
β2I
)
+KV β2I
]
, (40)
where GV = GT and KV = KT . Accordingly, when κ =
−2, which sets GT = 0 to avoid Ostrogradski ghosts, it
turns out that GV = 0 as well, and as a result, there are
no dynamical vector modes.
83. Scalar modes
We shall then focus on the scalar fluctuations in the
spatially flat gauge, where χ1 = χ
(0)
1 + δχ1, χ2 = χ
(0)
2 +
δχ2, and
g(1)µν dx
µdxν = −(1+2Φ)dt2+2a∂iBdtdxi+a2δijdxidxj .
(41)
The second-order action for scalar modes is then given
by
S
(2)
S =
M2Pl
2
∫
dt
d3~k
(2pi)3
a3
[
4
3
k4
a4
GS(Φ + aB˙)2 + 2
(
k2
a2
aB − 3HΦ
)
δχ˙2 +MIJΨ
IΨJ
]
, (42)
where GS = GT and6 ΨI := (Φ, B, δχ1, δχ2). The matrix MIJ is given by7
MIJ =

8H2(χ1+χ2)
H˙
k2
a2 + 6H [H (2χ1 + 3χ2 − 1) + χ˙2] ∗ ∗ ∗
− 4H(χ1+χ2)
3H˙
k4
a3 − (4χ1H + 6χ2H − 2H + χ˙2) k
2
a
2k4(2A1+2χ1+3χ2−1)
3a2 ∗ ∗
−6H2 − V ′12 4Hk
2
a −V
′′
1
2 0
−9H2 − V ′22 − k
2
a2
3Hk2
a 0 −V
′′
2
2
 , (43)
where ∗ stands for symmetric components. Since no
time derivatives of Φ, B, and δχ1 appear in the second-
order action with κ = −2, these modes are nondynam-
ical. Then, these variables can be eliminated by their
equations of motion. After removing the nondynamical
modes, the resulting action can be written solely in term
of δχ2 as follows:
S
(2)
S =
M2Pl
2
∫
dt
d3~k
(2pi)3
a3
[KS(δχ˙2)2 −MS(δχ2)2] ,
(44)
where
KS = 12KT
[(4
3
k2
a2
(χ1 + χ2)
H˙
+
χ˙2
H
)2
− 8KT
(4
3
k2
a2
(χ1 + χ2)
H˙
+
2Hχ˙1
H˙
+
χ˙2
H
+ 2χ1 + 3χ2 − 1
)]−1
, (45)
MS = K
2
S
K2T
(
C8
k8
a8
+ C6
k6
a6
+ C4
k4
a4
+ C2
k2
a2
+ C0
)
,
(46)
with
C8 = 192H
2H˙2(χ1 + χ2)
2 H
χ˙2
[
4HH˙χ˙2(χ1 + χ2)
− 4HH¨(χ1 + χ2)2 − H˙χ˙1χ˙2
]
. (47)
6 We omit the subscript ~k from the perturbation variables ΨI when
it is clear that they represent the Fourier components.
7 As before, we omit the superscript (0) for χ1 and χ2 when it is
understood that they represent background quantities.
We do not write down the form of the other Cn coeffi-
cients because they are not so relevant in the following
stability analysis.
In the small scale limit (k/a→∞), one finds
KS ' ASKT , (48)
MS ' BSKS H
χ˙2
[
4HH˙χ˙2(χ1 + χ2)− 4HH¨(χ1 + χ2)2
− H˙χ˙1χ˙2
]
, (49)
where AS and BS are simply two real positive constants.
Thus, the ghost instability in the scalar sector is avoid-
able when it is absent in the tensor sector, i.e. when
KT > 0 is satisfied. In addition, the gradient instabil-
ity is absent when MS > 0, so when
F3 :=
H
χ˙2
[
4HH˙χ˙2(χ1 + χ2)− 4HH¨(χ1 + χ2)2
− H˙χ˙1χ˙2
]
> 0 . (50)
By using the vacuum background EOMs, this condition
can be rewritten as
F3 = (χ1 + χ2)[(χ1 + χ2)V
′′
2 − V ′2 ]−
(V ′2)
2
V ′′1
> 0 . (51)
Regarding gradient instabilities which can occur on
sub-Hubble scales (k/a H), the general procedure is to
check for the stability of modes within the validity range
of the EFT, i.e. for H  k/a ≤ Λcut (see for instance Ref.
[10]), where for our models H ≤ Hmax ≤ Λcut. The con-
dition given by Eq. (51) can be viewed as the one which
ensures that the shortest wavelength modes (k/a ∼ Λcut)
do not suffer from gradient instabilities. However, since
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FIG. 5. Phase-space diagram of the inflationary model of Sec. II A 1. On top of the phase-space trajectories, we show the
regions that are stable according to the conditions that were derived in the text. In particular, in the left-hand plot, the blue,
orange, and green regions show where the conditions F1 > 0 [Eq. (36)], F2 > 0 [Eq. (37)], and F3 > 0 [Eq. (51)], respectively,
are satisfied. The gray shaded area in the right-hand plot shows where all three conditions are met at the same time.
the perturbed action exhibits a modified dispersion re-
lation, i.e., since Eq. (46) has terms of order k2, k4, k6,
and k8, longer wavelength modes (longer than Λ−1cut, but
still smaller than H−1) could still suffer from gradient
instabilities. As long as the duration for such gradient
instabilities is not too long though, their amplification
remains controllable in comparison to the smaller wave-
length modes which easily blow up (within a time scale
of the order of Λ−1cut). This is why we only focus on the
stability of the shortest wavelength modes.
4. Stability analysis
In summary, with κ = −2, we saw that there is no Os-
trogradski instability. Then, we derived three conditions
given by Eq. (36), which determines when the model is
free of ghost instabilities in the tensor and scalar sec-
tors, and Eqs. (37) and (51), which determine when the
model is free of gradient instabilities in the tensor and
scalar sector, respectively. The conditions depend on the
potentials V1(χ1) and V2(χ2) and on the field values χ1
and χ2, so we need to study specific models to comment
on the stability of the given theory.
Starting with the inflationary model of Sec. II A 1,
where the potentials are given by Eqs. (20) and (21), we
plot the regions of phase space that satisfy the three con-
ditions in Fig. 5. The individual conditions are shown in
the left-hand plot, and we see that there are large regions
of phase space that can avoid ghost or gradient instabil-
ities in the tensor or scalar sectors. However, when we
look at the right-hand plot, which shows the combined
region where all stability conditions are met, we see that
there is, actually, only a very small region of phase space
that is not unstable. In particular, the trajectories that
correspond to asymptotically de Sitter and Minkowski
(e.g., the green curve in Fig. 2) are generally unstable
throughout their evolution, except in a very small region
of phase space.
We show the same types of plots in Fig. 6 for the gen-
esis scenario of Sec. II A 2. There as well, there are large
regions of phase space that can avoid ghost and gradi-
ent instabilities in the tensor or scalar sectors, but it
remains that only small portions of those can be stable
with regards to all types of instabilities at the same time.
In particular, the interesting trajectories (e.g., the black
and purple curves of Fig. 4) are unstable throughout their
evolution.
C. Equivalence with f(R,G) gravity
We have shown that the Weyl square term with κ = −2
kills the dangerous degrees of freedom and can relax the
instability around a flat FLRW background spacetime.
This result can be understood because this theory is in-
cluded by f(R,G) gravity, whose cosmological solutions
are perturbatively stable. However, it is shown by Ref.
[52] that the perturbations of flat FLRW spacetime in
f(R,G) gravity lose a degree of freedom, which reappears
as a ghost around anisotropic spacetimes. Therefore, our
theory necessarily suffers from the same instability.
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FIG. 6. Phase-space diagram of the genesis model of Sec. II A 2. The convention used to illustrate the stable regions is described
in Fig. 5.
Let us demonstrate the equivalence between the above
model and f(R,G) gravity. The Gauss-Bonnet term G is
defined by
G := R2 − 4RµνRµν +RµνρσRµνρσ . (52)
Plugging the relation
RµνρσR
µνρσ = CµνρσC
µνρσ + 2RµνR
µν − 1
3
R2 (53)
into the definition of the Gauss-Bonnet term, we obtain
G = 2
3
R2 − 2RµνRµν + CµνρσCµνρσ . (54)
Then, we note that the second curvature-invariant func-
tion of Eq. (28) can be written as (with κ = −2)
I2 =
√
12RµνRµν − 3R2 − 6CµνρσCµνρσ =
√
R2 − 6G .
(55)
Accordingly, we see that I2 and I1 (which are given by
I1 = I2 +R =
√
R2 − 6G +R) are functions of R and G.
Thus, the solutions of the EOMs for χ1 and χ2 can be
written as
χ1 = χ1(R,G) , χ2 = χ2(R,G) , (56)
and by plugging these solutions into Eq. (2), the origi-
nal action becomes only a function of R and the Gauss-
Bonnet term G, i.e.
S =
∫
d4x
√−gf(R,G) . (57)
In conclusion, this theory is a specific model of f(R,G)
gravity.
III. NEW NONSINGULAR MODEL WITH A
NEW CURVATURE SCALAR
A. Setup
Let us investigate other curvature scalars, which re-
duce to H and H˙ at the background level. In particular,
we focus our attention on curvature scalars that are func-
tions of the Ricci scalar and its derivatives.
Let us consider the following tensor constructed from
the first derivative of R,
Xµν := g
µρ∇ρR∇νR . (58)
For a flat FLRW background, this quantity reduces to
Xµ(0)ν = −
[
6(4HH˙ + H¨)
]2
diag(1, 0, 0, 0) . (59)
The trace of the tensor Xµν is
X = Xµµ = ∇µR∇µR , (60)
and at the background level, it reduces to
X(0) = −
[
6(4HH˙ + H¨)
]2
. (61)
Since the second time derivative of the Hubble parame-
ter appears here, we need to consider another curvature
scalar to remove H¨. Thus, let us consider the second
derivative of R,
Rµν := ∇µ∇νR , (62)
11
whose expression in a FLRW spacetime reduces to
Rµ(0)ν = −24Hdiag
[
H˙2
H
+ H¨ +
...
H
4H
,
(
HH˙ +
H¨
4
)
δij
]
.
(63)
Since
...
H appears only in the (0, 0) component, it can be
removed by the tensor defined by
Pµν := δ
µ
ν − X
µ
ν
X
, (64)
whose FLRW limit now is Pµ
(0)
ν = diag(0, 1, 1, 1). In fact,
we can construct the scalar quantity tr[PRPR], which
gives
tr[PRPR](0) = −3XH2 , (65)
at the background level. Therefore, the following quan-
tity is a good candidate as a limiting curvature-invariant
function,
I1 := − 12tr[PRPR]
3X
(66)
= − 4
X3
[
X2(∇µ∇νR)(∇µ∇νR)
− 2X(∇µR∇νR)(∇µ∇ρR)(∇ν∇ρR)
+ (∇µR∇νR∇µ∇νR)2
]
(67)
= − 1
X3
[
4X2(∇∇R)2 − 2X(∇X)2 + (∇R∇X)2] ,
(68)
which satisfies
I
(0)
1 = 12H
2 , (69)
as required. In order to bound H˙, we introduce as before
I2 := I1 −R ; (70)
hence
I
(0)
2 = −6H˙ , (71)
again as required.
B. Cosmological perturbations and stability
analysis
1. Tensor modes
By substituting the definition of tensor perturbations
[Eq. (30)], the second-order action for tensor modes can
be obtained as
S
(2)
T =
M2Pl
2
∫
dt
d3~k
(2pi)3
∑
I=+,×
a3
(
KT h˙I~kh˙I−~k
−MT k
2
a2
hI~kh
I
−~k
)
, (72)
where
KT = 1 + 4χ1 + 3χ2
2
, (73)
MT = 1− χ2
2
. (74)
Thus, the tensor sector does not include higher-derivative
terms, so the number of degrees of freedom is 2, and no
Ostrogradski instabilities appear. The stability condi-
tions for ghost and gradient instabilities in the tensor
sector are then given by
F1 := 1 + 4χ1 + 3χ2 > 0 , (75)
F2 := 1− χ2 > 0 . (76)
2. Vector modes
Using Eq. (38), the second-order action for vector
modes can be derived as
S
(2)
V =
M2Pl
2
∫
dt
d3~k
(2pi)3
a3
∑
I=1,2
k2
a2
KV β2I , (77)
with KV = KT . Therefore, no vector modes exist in this
theory.
3. Scalar modes
Let us investigate the scalar perturbations defined in
Eq. (41). Let us introduce a new perturbation variable
ϕ in terms of Φ and B by the equation
ϕ~k = Φ~k −
k2
3aH
B~k , (78)
and we regard the components of ΨI := (B, δχ1, δχ2, ϕ)
as independent variables.
The second-order action for scalar modes can then be
calculated as
S
(2)
S =
M2Pl
2
∫
dt
d3~k
(2pi)3
a3
[
Kϕ˙2 + LIΨ
I ϕ˙+MIJΨ
IΨJ
]
,
(79)
where we omit writing down the specific form of the terms
K, LI , and MIJ . Since the action does not include the
time derivative of B, δχ1, and δχ2, we can remove these
variables by the EOMs. The resulting action is given by
S
(2)
S =
M2Pl
2
∫
dt
d3~k
(2pi)3
a3
(
KSϕ˙2 −MSϕ2
)
, (80)
where the coefficients, in the limit where k/a → ∞, are
given by
KS = a
4
k4
F3 +O
[(k
a
)−6]
, (81)
MS = KS k
2
a2
F4 +O
[(k
a
)0]
, (82)
with
12
0 2 4 6 8 10
-8
-6
-4
-2
0
χ1
χ2
0 2 4 6 8 10
-8
-6
-4
-2
0
χ1
χ2
FIG. 7. Phase-space diagram of the inflationary model of Sec. II A 1. On top of the phase-space trajectories, we show the
regions that are stable according to the conditions that were derived in the text. In particular, in the left-hand plot, the blue,
orange, green, and red regions show where the conditions F1 > 0 [Eq. (75)], F2 > 0 [Eq. (76)], F3 > 0 [Eq. (83)], and F4 > 0
[Eq. (84)], respectively, are satisfied. The gray shaded area in the right-hand plot shows where all four conditions are met at
the same time.
F3 =− 3V
′
1
8[3(χ1 + χ2)V ′′1 V
′′
2 − 2V ′1(V ′′1 − V ′′2 )]
[
2(4χ1 + 3χ2 + 1)(V
′
1)
2(V ′′1 − V ′′2 ) + 12(χ1 + χ2)(V ′2)2V ′′1
+ V ′1
{−16(χ1 + χ2)V ′2V ′′1 − [4χ21 + (5χ2 + 3)χ1 + χ2(χ2 + 3)]V ′′1 V ′′2 + 8(V ′2)2} ] , (83)
F4 =− (χ2 − 1) [3(χ1 + χ2)V
′′
1 V
′′
2 + 2V
′
1(V
′′
1 + V
′′
2 )]
2(4χ1 + 3χ2 + 1)V ′1(V
′′
1 + V
′′
2 ) + [4χ
2
1 + (5χ2 + 3)χ1 + χ2(χ2 + 3)]V
′′
1 V
′′
2
. (84)
4. Stability analysis
In summary, we derived four conditions given by
Eqs. (75)-(76) and Eqs. (83)-(84), which determine when
the model is free of ghost and gradient instabilities in the
tensor and scalar sectors, respectively. Once again, the
conditions depend on the potentials V1(χ1) and V2(χ2)
and on the field values χ1 and χ2, so we need to study
specific models to comment on the stability of the given
theory.
Starting with the inflationary model of Sec. II A 1, we
plot the regions of phase space that satisfy the four con-
ditions in Fig. 7. Once again, there are large regions of
phase space that can avoid ghost or gradient instabili-
ties in the tensor or scalar sectors. The major differ-
ence with Fig. 5 is apparent in the right-hand plot of
Fig. 7, which shows the combined region where all sta-
bility conditions are met. Indeed, whereas the previous
theory had only a small strip of phase space that was
stable, there is now a large portion of the phase space
that is free of all types of instabilities. Furthermore, it is
precisely in this region that we obtained the interesting
background trajectories starting from de Sitter spacetime
and ending in Minkowski spacetime (e.g., the green curve
in Fig. 2). For this class of trajectories, there only seems
to be a small region of phase space around 0 . χ1 . 2
and −0.5 . χ2 . −2.5 where there still appears to be
some instability. Yet, it seems clear that the curvature
invariants given by Eqs. (66) and (70) lead to a much
more stable theory compared to the curvature invariants
of Eq. (28) that were analyzed in Sec. II B.
For the genesis model of Sec. II A 2, the stable phase-
space regions are shown in Fig. 8. There as well, there
now are larger regions of phase space that can avoid all
types of instabilities. In particular, the interesting tra-
jectories (e.g., the black and purple curves of Fig. 4) are
stable throughout their evolution. This reinforces our
conclusion that the limiting curvature theory with cur-
vature invariants (66) and (70) is more stable and leads
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FIG. 8. Phase-space diagram of the genesis model of Sec. II A 2. The convention used to illustrate the stable regions is described
in Fig. 7.
to interesting nonsingular cosmological scenarios that can
remain stable throughout their evolution.
C. Stability around an anisotropic background
At this point, the new curvature-invariant function
leads to generally stable nonsingular solutions around
isotropic backgrounds. Still, one may worry that this
new theory might still possess undesired ghosts. Indeed,
it appears that the new curvature scalar of this section is
not included in the ghost free theories found in Ref. [59],
which can be further mapped into multifield extensions
of Horndeski theories [60–62].
One situation where new ghosts may appear is around
anisotropic backgrounds. In the model of Sec. II, which
we showed to be equivalent to a f(R,G) theory of grav-
ity, a degree of freedom is lost around a FLRW back-
ground and such a mode reappears as a ghost once the
background is deformed to an anisotropic Bianchi type I
universe. The purpose of this subsection is to investigate
the stability of our new theory against such a nonper-
turbative deformation of the background spacetime. We
shall investigate the perturbations around a Bianchi type
I universe with the rotational symmetry in the y−z plane,
so the background metric is given by
g(0)µν dx
µdxν =− dt2 + a(t)2
[
e−4δ(t)dx2
+ e2δ(t)(dy2 + dz2)
]
. (85)
At the background level, the curvature scalar invariants
now include shear terms,
I
(0)
1 = 12H
2 + 24σ2 , (86)
I
(0)
2 = −6H˙ + 18σ2 , (87)
where the shear σ is defined by
σ(t) := δ˙(t) , (88)
and so, the background dynamics is different from that
analyzed in Sec. II A.
We focus on whether or not additional degrees of free-
dom of perturbations appear independently of the back-
ground dynamics. One would usually start with the ac-
tion given by Eq. (2) with curvature invariants given
by Eqs. (66) and (70) and perturb the action accord-
ing to the scalar-vector-tensor decomposition of the per-
turbed metric given by Eqs. (30), (38), and (41). Fol-
lowing the methodology of [63] for perturbations around
an anisotropic background, thanks to the axisymmetry
of the background spacetime given by Eq. (85), the lin-
ear perturbations can actually be decomposed into scalar
and vector modes only, with respect to rotations of the
y − z plane,8
δgµν = δg
scalar
µν + δg
vector
µν . (89)
8 Since there is no spherical symmetry in an anisotropic back-
ground, the usual (three-dimensional) scalar-vector-tensor modes
cannot develop independently. However, thanks to one rotational
symmetry, the one in the y−z plane, a (two-dimensional) scalar-
vector decomposition works well. For example, the x component
of a three-dimensional vector is just a scalar, and the y and z
components can be decomposed into one scalar (gradient) mode
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The Fourier components of δgscalarµν and δg
vector
µν are given by
δgscalar
µν,~k
=

−2Φ~k ∗ ∗ 0
a(ikxB~k − e−4δ kyk β1,~k) a2e−6δ
k2y
k2 h+,~k ∗ 0
a(ikyB~k + e
2δ kx
k β1,~k) −a2 kxkyk2 h+,~k a2e6δ k
2
x
k2 h+,~k 0
0 0 0 −a2e2δh+,~k
 , (90)
δgvector
µν,~k
=

0 0 0 aeδβ2,~k
0 0 0 −a2e−4δ kyk h×,~k
0 0 0 a2e2δ kxk h×,~k
∗ ∗ 0 0
 , (91)
where k is defined by
k2 := e4δk2x + e
−2δk2y. (92)
Here we have fixed the arbitrariness of rotations in the
y−z plane so that ~k = (kx, ky, 0). We have also fixed the
gauge degrees of freedom of perturbations. Our gauge
choice corresponds to the spatially flat gauge [defined
by Eqs. (30), (38), and (41)] in the limit where δ → 0
because the perturbed metric reduces to
lim
δ→0
δgµν,~k = U
T (~k)∆(~k)U(~k) , (93)
with
∆(~k) =
−2Φ~k aikB~k aβ1 aβ2∗ 0 0 0∗ ∗ a2h+ a2h×
∗ ∗ ∗ −a2h+
 . (94)
The rotation matrix U(~k) is defined by
U(~k) :=

1 0 0 0
0 kxk
ky
k 0
0 −kyk kxk 0
0 0 0 1
 , (95)
and it transforms the vector (0, kx, ky, 0) into (0, k, 0, 0).
Since the time derivative of B~k only appears through
the following combination in the second-order action,
ϕ~k := Φ~k −
e4δk2x + e
−2δk2y
3aH
B~k , (96)
and one vector (transverse) mode. The reason for the absence
of (two-dimensional) tensor modes is just that 2 × 2 symmetric
tensors can be written as two scalar modes and one vector mode
only. In this sense, the ten components of the metric tensor can
be decomposed into seven scalar modes and three vector modes
generally. Since three scalar modes and one vector mode can be
killed by gauge symmetry, we have four scalar modes and two
vector modes in the metric tensor.
it is useful to regard ϕ as a dynamical variable instead
of Φ, analogous to Eq. (78). Thus, we now have six
scalar mode perturbations (ϕ, B, β1, h+, δχ1, and δχ2),
and two vector mode perturbations (β2 and h×). By
a straightforward calculation, one can show that the
second-order action does not include any time derivatives
of B, β1, δχ1, δχ2, and β2 after integration by parts.
Thus, these variables are nondynamical and the remain-
ing dynamical degrees of freedom are ϕ and h+, which
are scalar modes, and h×, which is a vector mode. This
result shows that no additional degrees of freedom ap-
pear at least in this anisotropic background. Therefore,
our new model is not disturbed by the deformation of
the background spacetime given by Eq. (85). This is a
crucial difference compared to the model of Sec. II or
f(R,G) gravity.
D. Recovering Einstein gravity and the addition of
matter sources
At this point, it looks like the action (2) with curvature
invariants (66) and (70) can lead to interesting nonsingu-
lar cosmological background models such as an inflation-
ary model and a genesis model that would remain stable
against all types of instabilities throughout most of their
evolution. These models start in de Sitter or Minkowski
spacetime, respectively, and both end up in Minkowski
spacetime. To be viable structure formation scenarios for
the very early universe, as we already pointed out, one
needs a reheating mechanism that would produce radia-
tion and matter in a sufficient amount after the universe
has acquired its adiabatic, scale-invariant curvature per-
turbation power spectrum. At this point, let us suppose
that such a reheating mechanism exists and that it pro-
duces matter and radiation in large amounts. Then, at
the background level, one is left with the nonsingular the-
ory described in Sec. II A with nonzero energy density,
and possibly, nonzero pressure as well. For the theory to
successfully describe our universe, it is then necessary to
recover the usual Einstein equations, i.e. the Friedmann
equations in our context.
For the inflationary scenario, this is not a problem.
Once matter is included, and as χ1 and χ2 (and their
time derivatives) go to 0, one notes from Eqs. (20) and
(21) that V1 → 0 and V2 → 0. Thus, we see that Eqs. (12)
and (13) reduce to the Friedmann equations and can lead
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to the expected radiation- and matter-dominated era of
our universe.
In the context of the genesis scenario, one runs into
difficulty though. Once reheating has occurred and mat-
ter is included, one remains in the regime χ2  1, but
χ1 → ∞. From Eqs. (24) and (25), this still implies
V1 → 0 and V2 → 0. Then, simply at the level of the ac-
tion (2), one notices that recovering the Hilbert-Einstein
term alone is only possible if χ1I1 → 0, which is to say
that I1 vanishes faster than χ1 → ∞. However, since
I1 ∼ O(R), it is not possible to have a nonzero Hilbert-
Einstein term while I1 → 0. One can also see that, for
Eq. (12) to be valid as χ1 → ∞, the only possibility is
that H and ε vanish faster than χ1 → ∞. Once again,
this implies an empty Minkowski spacetime rather than
a FLRW spacetime. Accordingly, it seems impossible, in
the context of this genesis scenario, to have the higher-
derivative terms from the curvature invariants vanish,
i.e. to recover the Einstein equations, and be left with
a nonempty Friedmann universe. Therefore, the genesis
scenario within this theory remains at the level of a toy
model.
It should be noted that nontrivial couplings between
matter fields and χ1 or χ2 may relax this problem [64].
In this case, the bounds on the curvature are, however,
weakened because I1 and I2 include matter fields. Such
matter couplings must be subdominant at high energy
scales in order to ensure the avoidance of curvature sin-
gularity, but they must be dominant at low energy scales
in order to recover Einstein gravity.
IV. CONCLUSIONS AND DISCUSSION
In this paper, we revisited the nonsingular cosmolo-
gies of Refs. [36, 37], which implement the limiting cur-
vature hypothesis. We extended the analysis beyond the
background cosmology to include the linear cosmolog-
ical perturbations and determined the criteria for sta-
bility. This showed that the original models of Refs.
[36, 37] appear to have, generically, undesired additional
degrees of freedom leading to Ostrogradski instabilities.
These instabilities could be killed with the addition of
the Weyl tensor squared in the curvature-invariant func-
tions given the appropriate coefficient. Still, by exploring
two nonsingular cosmological scenarios in which the lim-
iting curvature hypothesis is realized (one inflationary
and one genesis scenario), it appeared that the cosmolo-
gies inevitably possess either ghost or gradient instabil-
ities through large portions of their evolution. Further-
more, we showed that the theory could be rewritten as a
f(R,G) theory of gravity, which is known to suffer from
instabilities in anisotropic backgrounds.
We then constructed a new curvature-invariant func-
tion by taking a specific combination of covariant deriva-
tives of the Ricci scalar. Given the same inflationary and
genesis scenarios at the background level as before, we
showed that the new curvature scalar could lead to sta-
ble cosmologies with respect to Ostrogradski ghosts, as
well as ghost and gradient instabilities throughout most
of their evolution. Furthermore, the theory does not pos-
sess additional new degrees of freedom around anisotropic
backgrounds, contrary to f(R,G) gravity.
In light of constructing a nonsingular theory for the
very early universe, there remain some challenges though.
If one starts in a vacuum universe (either de Sitter or
Minkowski), one would need to provide some form of
reheating mechanism, possibly via gravitational parti-
cle production, so that the universe can contain matter
and radiation after the early epoch. Furthermore, one
would need to assure that the theory reduces to the Ein-
stein limit for gravity fast enough. This appears to be
satisfied in our inflationary scenario, but it remains an
issue in the genesis scenario. Finally, given a success-
ful scenario at the background level and which is stable
perturbatively, it would be straightforward to solve the
perturbation equations to find the power spectra of these
perturbations and compare with observations to validate
the theory.
The analysis performed in this paper opens the window
to construct and study other nonsingular cosmologies,
e.g., bouncing cosmologies. As mentioned before, this
has been explored in Ref. [42] (see also Refs. [43, 44]).
However, other nonsingular models with limiting curva-
ture [35, 42] could also suffer from instabilities as sug-
gested by Ref. [65]. This might be due to the fact that
Refs. [35, 42] implement the limiting curvature hypoth-
esis within a mimetic theory [66–69], whose stability (or
instability) does not appear to have been settled yet (see,
e.g., Refs. [69–74]).
Finally, it would be interesting to study how the ap-
proach to implement the limiting curvature hypothesis
used in this paper fits in the grand picture of general
scalar-tensor theories of gravity (e.g., [73, 75]). In par-
ticular, it would be interesting to find general classes of
curvature-invariant functions in which the limiting cur-
vature hypothesis can be realized and where solutions are
stable.
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